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Abstract
We consider the following problem. Let t and n be positive integers with n>t>2. Determine
the maximum number of edges of a graph of order n that contains neither Kt nor Kt; t as a
subgraph. For n< 2t, it is solved by Turan's theorem and for n=2t, by Brualdi and Mellendorf
(Electron. J. Combinatorics 1 (1994) #R2). We solve it for n = 2t + 1. c© 2000 Published by
Elsevier Science B.V. All rights reserved.
1. Introduction
Brualdi and Mellendorf raised the following extremal problem as a generalization of
that solved by Turan's theorem (see [2]).
Problem 1. Let t and n be positive integers with n>t>2. Determine the maximum
number of edges of a graph of order n that contains neither the complete graph Kt
nor the complete bipartite graph Kt; t as a subgraph.
A graph with n< 2t vertices cannot contain Kt; t as a subgraph and hence in this case
the problem is solved by the well-known Turan's theorem. A solution of the problem
when n= 2t is given in [2]. Before stating this theorem and a solution for n= 2t + 1,
we introduce some notation and denitions.
Let G and H be graphs, then their sum is the graph G + H obtained by taking
disjoint copies of G and H and putting an edge between each vertex of G and each
vertex of H . The union of G and H is G [ H consisting of disjoint copies of G and
H . The complete t-partite graph with parts of size n1; : : : ; nt is denoted by Kn1 ;:::;nt . The
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dierence of G and H is G − H which is obtained from G by taking o each vertex
of H and the edges connected to it.
Let m; k be positive integers. Then mG is the graph consisting of m disjoint copies
of G. A path of order m is denoted by Pm. A tree of order m is denoted by Tm.
A cycle of order m is denoted by Cm. The complement of a graph G is denoted by G.
A graph with k more edges added to G is denoted by Gk. For simplicity, G1 is
denoted by G. A connected graph is unicyclic provided it has a unique cycle. It follows
easily that a connected graph of order m is unicyclic if and only if it has exactly m
edges. A graph is independent provided no two of its vertices are joined by an edge.
The maximum cardinality of an independent set of G is denoted iG. If m is odd, then Hm
denotes a unicyclic graph of order m with iHm =(m−1)=2 and Fom denotes a unicyclic
graph of order m with iFom>(m+1)2. If m is even, then Fem denotes a unicyclic graph
of order m. By Fm we mean Fom or Fem depending on whether m is odd or even.
A graph is bisectable provided its vertices can be partitioned into two parts of equal
size such that there are no edges between the two parts. A graph G of order 2t+1 has
a bisectable subgraph of order 2t if and only if for some vertex x, G− x is bisectable.
The following two theorems determine the maximum number of edges of a graph
of order n that contains neither the complete graph Kt nor the complete bipartite graph
Kt;n−t as a subgraph when n= 2t + 1 (see [3]).
Theorem 1 (see Rho [3, Theorem 3]). Let t be a positive integer with t>5. Then the
maximum number of edges of a graph of order 2t + 1 that contains neither Kt nor
Kt;n−t equals

2t + 1
2

− 3t + 7
2
if t is odd; (1)
and equals

2t + 1
2

− 3t
2
− 4 if t is even: (2)
If t is odd; then the only graphs of order 2t+1 that contains neither Kt nor Kt;n−t as a
subgraph and whose number of edges equals (1) are the graphs of the form K2;:::;2+A
where A = H 2t+2 or Fo
2
t+2 with iA = (t − 1)=2 for t>5; and K3;3;3 + T6. If t is even;
then the only graphs of order 2t+1 that contain neither Kt nor Kt;n−t as a subgraph
and whose number of edges equals (2) are the graphs of the form K2 ;:::;2;3 + Fet+2
with iFet+2 = t=2 for t>6, K2; :::;2 + Q where Q is H
2
t+3 or Fo
2
t+3 with iQ = t=2 for
t>6; K1;2;:::;2 +Fe3t+2 with iFe3t+2 = t=2− 1 for t>6; K3 +H5 +H5; K2 +H5 +H5 +H5;
and K3;3 + T4 + H7.
The equivalent complementary form of Theorem 1 (see [3]) is stated in the next
theorem. We prove Theorem 1 in the equivalent complementary form stated in the next
theorem.
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Theorem 2. Let t be a positive integer with t>5. Then the minimum number of edges
of a graph of order 2t + 1 that contains neither an independent set of t vertices nor
Kt;n−t equals
3t + 7
2
if t is odd; (3)
and equals
3t
2
+ 4 if t is even: (4)
If t is odd; then the only graphs of order 2t+1 that contains neither an independent
set of t vertices nor a Kt;n−t and whose number of edges equals (3) are the graphs
of the form [(t− 1)=2]K2 [A where A=H 2t+2 or F2t+2 with iA=(t− 1)=2 for t>5; and
3K3 [ T6. If t is even; then the only graphs of order 2t + 1 that contains neither an
independent set of t vertices nor a Kt;n−t and whose number of edges equals (4) are
the graphs (t=2− 2)K2 [ K3 [ Fet+2 with iFet+2 = t=2 for t>6; (t=2− 1)K2 [ Q where
Q=H 2t+3 or F
2
t+3 with iQ = t=2 for t>6; K1 [ (t=2− 1)K2 [ Fe3t+2 with iFe3t+2 = t=2− 1
for t>6; K3 [ 2H5; K2 [ 3H5; and 2K3 [ T4 [ H7.
We settle the case n= 2t + 1 of Problem 1 in the next two theorems.
Theorem 3. Let t be a positive integer with t>7 and t 6= 8. Then the maximum
number of edges of a graph of order 2t + 1 that contains neither Kt nor Kt; t equals

2t + 1
2

− 3t + 9
2
if t is odd; (5)
and equals

2t + 1
2

− 3t
2
− 5 if t is even: (6)
We prove Theorem 3 in the equivalent complementary form stated in the next
theorem.
Theorem 4. Let t be a positive integer with t>7 and t 6= 8. Then the minimum
number of edges of a graph of order 2t+1 that does not contain an independent set
of t vertices or a bisectable subgraph of order 2t equals
3t + 9
2
if t is odd; (7)
and equals
3t
2
+ 5 if t is even: (8)
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2. Some lemmas
Before proving Theorem 4, we introduce some notation and denitions. Let G be
a graph. Then jGj denotes the order of G. A vertex x of G is called a cut-vertex if
G−x is disconnected. G is 2-connected provided it has no cut-vertex. A path addition
to G is the addition to G of a path of length l>1 between two vertices of G, intro-
ducing l− 1 new vertices. Each added path is called an ear. An ear decomposition is
a partition of edge set of G into C; P1; : : : ; Pk for some positive integer k, where C
is a cycle and Pi for i>1 is a path added to the graph formed by C; P1 : : : ; Pi−1. A
block of G is a maximal connected subgraph of G that is 2-connected.
Lemma 5 (see Rho [3, Lemma 5]). Let G be a graph of order n. If G is a tree; then
G has an independent set of size dn=2e. If G is a unicyclic graph; then G has an
independent set of size bn=2c.
Lemma 6 (see Rho [3, Lemma 7]). Let a; k be positive integers. iT ka >d(a − k)=2e;
iHka >(a− 1)=2− bk=2c; iFoka >(a+ 1)=2− bk=2c − 1; and iFeka >a=2− dk=2e.
Lemma 7 (see West [4, Theorem 4.2.7]). A graph is 2-connected if and only if it has
an ear decomposition.
Lemma 8. Let a; k be positive integers. Assume the graphs mentioned in the conclu-
sions below are 2-connected. Then
iFa>
a
2
for a even;
iF2a >
a− 1
2
for a odd;
iF2a >
a
2
− 1 for a even; and
iF3a >
a
2
− 1 for a even:
Proof. Suppose a is even. As Fa is 2-connected, it is obtained by adding an ear to a
cycle C by Lemma 7. Considering separately the cases where the ear is of odd order
or even order, and the length between two common verticies of the cycle and the ear
is of odd order or even order, we can prove that iFa>a=2 by Lemma 6. The other
cases are proved by similar arguments.
Lemma 9. Let t and n be positive integers with t>4. Suppose G is a graph of order
2t + 1; which does not contain Kt; t . Then G does not contain Kt;n−t .
Proof. It is clear as n− t = t + 1, which is bigger than t.
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3. Proof of Theorem 4 for t odd
Let G is a graph of order 2t + 1 which does not contain an independent set of size
t or a bisectable subgraph of order 2t. Suppose G has at most (3t + 7)=2 edges. By
Theorem 2 and Lemma 9, the only candidates for such graphs are the graphs of the
form [(t−1)=2]K2[A where A=H 2t+2 or F2t+2 with iA=(t−1)=2 for t>5, and 3K3[T6.
Assume that G is a graph of the form 3K3 [T6. Then, by taking an appropriate vertex
of T6; G contains a bisectable subgraph of order 2t. Assume that G is a graph of
the form [(t − 1)=2]K2 [ A. Then A has at most three blocks and no bridge. Firstly,
if A has only one block, then iA>(t + 1)=2 by Lemma 8. Secondly, assume A has
two or three blocks. Then, one of the blocks is Ca and the other blocks compose
Ft+3−a where the intersection of Ca and F

t+3−a is a cut-vertex x. If a is even, then
j(Ca − x)[ [(t − a)=2]K2j= t, and hence G contains a bisectable subgraph of order 2t.
If a is odd, then iCa−x>(a−1)=2 and iFt+3−a−x>(t+2−a)=2 and hence iA>(t+1)=2.
Therefore, G has at least (3t+9)=2 edges. Graphs of the form (t−7)=2K2[2H3[Ht+2
where Ht+2 − x has a component of order t − 1 or t + 1 for any cut-vertex x of
Ht+2(Ct+2 is an example of Ht+2.), and graphs of the form [(t − 1)=2]K2 [ B where
B = H 3t+2 or F
3
t+2 such that iB = (t − 1)=2 and B − x has no odd component for any
cut-vertex x of B (A graph composed of four blocks where C3 is a block such that all
the vertices are cut-vertices connected to C3, C3, and Ct−4, respectively, is an example
of B.) have (3t + 9)=2 edges and do not contain an independent set of size t or a
bisectable subgraph of order 2t.
4. Proof of Theorem 4 for t even
Let G is a graph of order 2t + 1 which does not contain an independent set of
size t or a bisectable subgraph of order 2t. Suppose G has at most (3t)=2 + 4 edges.
By Theorem 2 and Lemma 9, the only candidates for such graphs are the graphs of
the form (t=2 − 2)K2 [ K3 [ Fet+2 with iFet+2 = t=2 for t>6; (t=2 − 1)K2 [ Q where
Q=H 2t+3 or F
2
t+3 with iQ = t=2 for t>6; K1 [ (t=2− 1)K2 [ Fe3t+2 with iFe3t+2 = t=2− 1
for t>6; K3 [ 2H5, K2 [ 3H5, and 2K3 [ T4 [ H7. By arguments similar to those
in the case for t odd, the minimum number of edges is 3t=2 + 5 for t>10 and
3t=2 + 4 for t = 6 or 8. The graphs of the form (t=2 − 2)K2 [ H3 [ F2t+2 where
iF2t+2 = t=2; F
2
t+2 − x has a component of order t − 1 for any cut-vertex x of F2t+2
(A graph composed of two blocks which are connected by a cut-vertex where one
block is C3 and the other is Ct which is Ct add by an edge connecting two neigh-
bor vertices of the cut-vertex is an example of F2t+2.) for t>10 the graphs of the
form (t=2 − 4)K2 [ 2H3 [ Ht+3 where Ht+3 − x has a component of order t − 1 or
t + 1 for any cut-vertex x of Ht+3 (Ct+3 is an example of Ht+3.) for t>10, the
graphs of the form K3 [ 2H5 for t = 6, and the graphs of the form K2 [ 3H5 for
t = 8 are the graphs of minimum edges which do not contain an independent set of
size t or bisectable subgraph of order 2t.
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5. For further reading
The following reference is also of interest to the reader: [1].
Acknowledgements
The author would like to thank Stephen Mellendorf for his helpful comments.
References
[1] B. Bollobas, Extremal Graph Theory, Academic Press, New York, 1978.
[2] R.A. Brualdi, S. Mellendorf, Two extremal problems in graph theory, Electron. J. Combinatorics 1 (1994)
#R2.
[3] Y. Rho, An extremal problem concering graphs not containing Kt and Kt; n−t , Discrete Math. 187 (1998)
195{209.
[4] D. West, Introduction to Graph Theory, Prentice-Hall, New York, 1996.
